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Abstract Here, we make the theoretical and numeri-
cal analysis of the non-linear equation describing the
evolution of the “bead, hoop and spring” (BHS) dy-
namical system derived by Ochoa and Clavijo in (Eur.
J. Phys. 27:1277–1288, 2006). In particular, we solve
by standard techniques of non-linear physics an ap-
proximation of their equation neglecting the centrifu-
gal effect before giving a more mathematical and exact
treatment. The analogy with phase transitions is under-
lined. We point out the existence of finite-time singu-
larities in the phase-space and we derive a criterion for
possible oscillations.

Keywords Non-linear oscillations · Duffing-like
system · Singularity

1 Introduction

Phase transitions in the mean-field approximation bear
strong resemblance with mechanical bifurcations. In
particular, one speaks of critical behavior, order para-
meter or exponents in both problems [1–5].
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Ochoa and Clavijo [1] have derived recently the
equation of motion for the bead, hoop and spring prob-
lem (the dot stands for a partial derivative with respect
to time t):

z̈ +
(

z

R2 − z2

)
ż2 +

(
2k

mR2
− ω2

R2

)
z3

+ 2kr0

mR2
z
√

R2 − z2 −
(

2k

m
− ω2

)
z = 0 (1)

and they solved it numerically.
The mechanical system is made of two beads of

mass m linked by a spring which is bound to slide on
a horizontal loop of radius R (see Fig. 1). The latter
is put into rotation with angular velocity ω around a
horizontal axis denoted by z. More precisely, the two
beads, sliding freely on the ring, are connected by a
light straight spring (that remains straight not just un-
der tension but also under compression) and which is
constrained to be perpendicular to the diameter of the
ring that coincides with the fixed horizontal rotation
axis. The beads have the same z-coordinate. This is a
crucial constraint that brings down the degrees of free-
dom to one and also makes gravity irrelevant since it
constrains the center of mass of the beads to the hori-
zontal rotation axis.

The centrifugal force tends to extend the distance
between the beads whereas the elasticity of the spring,
k, counteracts this effect. Each variation of the dis-
tance 2r between both beads whose initial value is
2r0 translates into a changing position of the center
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Fig. 1 Scheme of the
experimental setup.

of mass of the two beads along the horizontal axis.
There are two geometrical constraints, r0 < R and
r = ±√

R2 − z2. z = 0 corresponds to the position of
the mass center of the beads when they are at a dis-
tance 2R.

Ochoa and Clavijo have introduced a peculiar an-
gular velocity ω2

c = 2k
m

(1 − r0
R

) which allows to in-
terpret the bead, hoop and spring problem as a crit-
ical phenomenon in analogy with statistical mechan-
ics [1]. In our previous comment [6], we derived the
amplitude equation (corresponding to the cubic Lan-
dau equation for the analogue magnetic system) of the
resulting non-linear oscillator, provided that ω > ωc.
As a matter of fact, under this last constraint, the
mechanical system is perfectly similar to the Ising
model for ferromagnetism and enters into the universal
class of second-order phase transitions in the mean-
field approximation [1]. The order parameter is the
position (magnetization) in the mechanical (magnetic)
system. Precisely, we explained the numerical phase-
space (Fig. 8 in [1]) as essentially the one correspond-
ing to a cubic non-linear oscillator.

We would like to treat, for the first time, the other
case when ω < ωc. In particular, a complete analytical
solution of the non-linear problem of the BHS system
has not been considered before in the literature.

The paper is organized as follows. Section 2 deals
with the conventional resolution of an approximation
of the BHS problem, namely, a Duffing-like equation
which allows us to explain the qualitative behaviors
reported in the numerical simulations of Ochoa and
Clavijo [1]. Section 3 is concerned with some new nu-
merical illustrations of the phase-space, corresponding
to the complete BHS problem. Finally, we give a novel
and thorough analytical treatment in Sect. 4 where
regimes with or without oscillations are displayed.

2 Simplified case without the centrifugal term
in the small-amplitude approximation

We use dimensionless variables z = Z × R and sup-
pose for the moment that �2

0 = −ω2
0 = 2k

m
− ω2 > 0.

The evolution equation becomes:

Z̈ +
(

Z

1 − Z2

)
Ż2 + �2

0Z
3

+ 2kr0

mR
Z

√
1 − Z2 − �2

0Z = 0. (2)

Now, we assume that the displacements are small,
Z � 1, and we introduce �2

1 = ω2
1 = 2kr0

mR
to get:

Z̈ − (
�2

0 − �2
1

)
Z

+
(

�2
0 − �2

1

2

)
Z3 + ZŻ2 � 0. (3)

At this stage, we can relax the stronger constraint
ω2 < 2k

m
for a weaker one ω2 < 2k

m
(1 − r0

R
) = ω2

c , that
is, �2

1 < �2
0: we do recover the critical angular veloc-

ity of Ochoa and Clavijo.
The former equation of motion is difficult to solve

because of the centrifugal term ZŻ2. We will make the
strong assumption that it is negligible. This will allow
us to find approximate solutions which illustrate the
numerical solutions obtained by Ochoa and Clavijo,
as displayed in their Fig. 7 [1]. Later, we will provide
a numerical phase-space analysis taking into account
the influence of the centrifugal term before giving a
complete mathematical resolution.

Without the centrifugal term, the equation of mo-
tion writes (we recall that �2

0 > �2
1 > �2

1/2):

Z̈ � (
�2

0 − �2
1

)
Z −

(
�2

0 − �2
1

2

)
Z3. (4)

With τ =
√

(�2
0 − �2

1/2)t and the new temporal
derivative ∂()/∂τ = ()τ , we find the so-called “re-
versible pitchfork” equation or Duffing equation:

∂2Z

∂τ 2
� μZ − Z3 (5)

with μ = (�2
0 − �2

1)/(�
2
0 − �2

1/2) > 0. The symme-
tries of this equation are: τ → −τ and Z → −Z. The
three stationary solutions are: Z = 0 and Z = ±√

μ.
We do recover the exponent 1/2 as is usual in the
mean-field theory of phase transition. The neglected
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Fig. 2 Potential V (Z) = Z4/4 − μZ2/2 of the approximate
equation for small amplitudes and without the centrifugal term:
full line with μ = +1 and dashed line with μ = −1

centrifugal term ZZ2
τ would not change these symme-

tries and solutions.
The behavior of the solution of the “reversible

pitchfork” equation can be easily understood if one
rewrites it in the form of a Newton equation for a par-
ticle in a potential well:

∂2Z

∂τ 2
= −∂V

∂Z
(6)

with V (Z) = Z4/4 −μZ2/2 (see Fig. 2). As μ is pos-
itive, the potential has the shape of a concave Mex-
ican hat with a maximum at Z = 0, two mimima at
Z = ±√

μ, and two divergences toward infinity for
large |Z|. The function V (Z) is even.

Now, the Newton equation can be cast into the form
of a dynamical system:

∂Z

∂τ
= v,

∂v

∂τ
= μZ − Z3.

(7)

The fixed points are such that ∂Z/∂τ = 0 and ∂v/∂τ =
0, which implies Z = 0 or Z = ±√

μ. In the phase-
space (Z, ∂Z/∂τ), the fixed points have the follow-
ing coordinates: F0 = (0,0), F1 = (

√
μ,0) and F2 =

(−√
μ,0).

First, we use a linear theory around the fixed point
F0 in order to obtain an approximate behavior of the
vertical displacement Z. We focus on the solution B

of Fig. 7(e) of [1] in the close vicinity of F0 (later in
Sect. 2 a complete resolution will be given). One lin-

earizes the dynamical system around F0:

∂(0 + δZ)

∂τ
= 0 + δv,

∂(0 + δv)

∂τ
= μ(0 + δZ) − (0 + δZ)3

(8)

that is:

∂(δZ)

∂τ
= δv,

∂(δv)

∂τ
� μδZ,

(9)

∂

∂τ

(
δZ

δv

)
=

(
0 1
μ 0

)(
δZ

δv

)
. (10)

The eigenvalues of the 2 × 2 matrix are λ = ±√
μ

and the eigenvectors write:

v1 =
(

1√
μ

)
and v2 =

(
1

−√
μ

)
. (11)

Hence, F0 is a saddle node-point (homoclinic point)
since it features a stable and an unstable manifolds
which are connected by a closed orbit. Since the cen-
trifugal term is non-linear, the eigenvalues and eigen-
vectors do not change if we include it in the equation
of motion as we perform a linearization. Along the
eigenvectors, the velocity v = Zτ is proportional to
the displacement Z. Hence, the behavior is exponen-
tial as Z � e∓√

μτ which is reminiscent of a soliton
or a front: the time needed to reach or to depart from
the origin is logarithmically slow. F1 and F2 are called
centers. Indeed, it is easy to show that, around them,
the equation of motion approximates to the one of an
ellipse in the phase-space.

If the particle is launched in one of the two wells
of the Mexican hat, the trajectories correspond to the
Fig. 7(a) of the numerical simulations reported by
Ochoa and Clavijo. The particle oscillates in the well
around the center. If the initial amplitude is close to the
center F1 (F2), the shape is almost sinusoidal (the tra-
jectory in the phase-space is almost circular: see A in
Fig. 7(e) in [1]) as the well is approximately parabolic
(Fig. 7(a) in [1]). If the initial amplitude increases,
non-linearities will affect the shape of the oscillations
and one obtains the so-called “cnoidal” waves whose
crests are more pronounced and whose troughs are
more flat, as one can see in Fig. 7(b) in [1]. If the ini-
tial amplitude is sufficiently big, the particle moves al-
ternatively from one well to the other, as pictured in
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Fig. 7(c) of [1]. The curve in the phase-space which
passes across F0 and which encircles both F1 and F2

is called the separatrix (between B and C in Fig. 7(e)
of [1]). For bigger initial amplitudes, the particle fol-
lows the trajectory represented in Fig. 7(d) of [1].

Now, we shall display a more exact solution for the
separatrix. The solution associated with the separatrix
is such that Z(τ) is not identically null and such that
Z(±∞) = 0 and ∂Z/∂τ(±∞) = 0. Hence, Z(τ) has
a bell shape with a maximum and vanishes towards
±∞. Let us return to the equation of motion:

Zττ = μZ − Z3. (12)

One makes the following changes of variables:
τ = γX ⇒ X = γ −1τ . We get: ∂τ = ∂X(∂X/∂τ) =
γ −1∂X et ∂τ 2 = γ −2∂X2 . Hence:

ZXX + γ 2Z3 − μγ 2Z = 0. (13)

With μγ 2 = 1 ⇒ γ = 1/
√

μ, we have:

ZXX + γ 2Z3 − Z = 0. (14)

Let us introduce S such that Z = λS:

SXX + λ2γ 2S3 − S = 0. (15)

As a consequence, λγ = 1 ⇒ λ = 1/γ = √
μ. We

obtain a dimensionless equation of motion:

SXX + S3 − S = 0 (16)

with τ = X/
√

μ and Z = √
μS.

One introduces the new potential V = S4/4−S2/2:

SXX + ∂V
∂S

= 0. (17)

One multiplies by SX:

∂

∂X

(
S2

X

2
+ V (S)

)
= 0 (18)

that is:

S2
X

2
+ V (S) = constant. (19)

With X → ∞, S → 0, SX → 0 and V → 0 for the
separatrix, the constant is null. So we get:

S2
X

2
+ V (S) = 0. (20)

Fig. 3 Separatrix solution Z(τ) = √
2μ/ cosh(

√
μτ) of the ap-

proximate equation for small amplitudes and without the cen-
trifugal term with μ = +1

The dimensionless Newton equation becomes:

S2
X

2
= S2

2
− S4

4
(21)

that we rewrite in the form:

S2
X = S2

(
1 − S2

2

)
(22)

that is:

dS

dX
= ±S

√
1 − S2

2
. (23)

One inverts it:

dX = ± dS

S

√
1 − S2

2

. (24)

With a new variable T = S/
√

2, and hence dS =√
2dT , one obtains:

dX = ± dT

T
√

1 − T 2
. (25)

We make the important assumption that T ∈ [0,1]
in order to ease the calculations. Of course, one can
change these conditions. We use:
∫

dT

T
√

1 − T 2
= − cosh−1

(
1

T

)

in order to integrate the equation in T :

X + D = ∓ cosh−1
(

1

T

)
(26)
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where D is a constant of integration. The sign ∓ cor-
responds to the two branches of the symmetric homo-
cline. One considers the positive branch:

T (X) = 1

cosh(X + D)
. (27)

If T (0) = 1 then D = 0. Moreover, Z(X) =√
μS(X) = √

2μT (X) = √
2μT (

√
μτ):

Z(τ) =
√

2μ

cosh(
√

μτ)
(28)

One recalls that Z(0) = Z0 = √
2μ. As a conse-

quence, the solution corresponding to the separatrix
(complete solution B in Fig. 7(e) of [1] round F0) is:

Z(τ) = Z0

cosh(
√

2
2 Z0τ)

. (29)

If one plots Z(τ) (see Fig. 7(b) in [1] with sev-
eral bumps in a shape similar to the unique bump
corresponding to the separatrix), we find a bell shape
(with a maximum and a width of the order of 1/

√
μ),

which vanishes at ±∞ with an exponential behavior
Z � e∓√

μτ , in accordance with the linear theory as
discussed above, when we evaluated the eigenvectors
and eigenvalues (see our Fig. 3).

However, as the geometry implies that |Z| ≤ 1,
some parts of the phase-space are unreachable. More
precisely, one can easily show that (provided x0 +
rb � R):

−1 < −1 + (x0 + rb)
2

2R2
≤ Z

≤ 1 − (x0 + rb)
2

2R2
< 1 (30)

with rb the radius of a bead. Hence, the existence of
the separatrix solution depends on the physical para-
meters. Experimental evidence is needed here.

An analogy with the motion of a particle in a po-
tential well can be used to study the case ω > ωc. We
will leave as an exercise for the reader the opportunity
to show that the potential shape is almost parabolic
with only one minimum (see Fig. 2). The trajectories
in the phase-space are circles for small initial ampli-
tudes and become elliptic for bigger ones, which is the
typical behavior expected for a non-linear oscillator
(see Fig. 8(b) in [1]). We underline that we only solved
an approximation of the equation derived in [1], which

is valid for small amplitudes and where the centrifugal
term has been neglected.

3 Phase-space analysis via numerical simulations

In our previous comment on the BHS problem [6], we
have solved approximately the equation of motion de-
rived by Ochoa and Clavijo for the case ω > ωc, taking
into account the centrifugal term. The first (third) part
of the present work was (will be) dedicated to an ap-
proximate (exact) solution neglecting (including) the
centrifugal effect of the same equation when ω < ωc.
Now, we carry out a phase-space analysis of the BHS
problem for both cases, ω > and < ωc. In particular,
we will underline the role of the centrifugal force.

In Fig. 4, which we plot with an applet from the
public domain, in order to illustrate the influence of the
centrifugal effect1 for different values of the constants
α, β and γ , we show the phase-spaces corresponding
to the following approximate generalized dynamical
system:

∂x

∂t
= y,

∂y

∂t
= αx + βx3 + γ xy2.

(31)

We remark that the centrifugal term modifies the
phase-space in the vicinity of small positions x where
high velocities ẋ = y are observed. More precisely, the
effect is more pronounced for the trajectories outside
the separatrix for both cases ω > and < ωc.

Now, we focus only on the case ω < ωc. The exact
generalized dynamical system writes:

∂x

∂t
= y,

∂y

∂t
= e

(
x − x3) + f

xy2

1 − x2
+ gx

√
1 − x2.

(32)

We recall that the range of x is limited to ±1 due to
the geometry of the BHS problem.

Clearly, two regimes appear depending on the value
of f < 0 which is associated to the centrifugal effect.
For small f (Fig. 5 top left), no oscillations are ob-
served within the separatrix. All the trajectories end

1See http://www.math.rutgers.edu/courses/ODE/sherod/phase-
local.html.

http://www.math.rutgers.edu/courses/ODE/sherod/phase-local.html
http://www.math.rutgers.edu/courses/ODE/sherod/phase-local.html
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Fig. 4 Phase spaces of the approximate generalized dynamical system (−4 ≤ x, y ≤ 4): [α,β, γ ] = (top left) [−1,+1,0]; (top right)
[−1,+1,−1] ; (bottom left) [+1,−1,0] and (bottom right) [+1,−1,−1]

up within ±1. If |f | increases, basins of oscillation
appear (Fig. 5 top right). For higher values, the cen-
ters get closer to the origin of the phase-space (Fig. 5
bottom left). Moreover, when e > 0 is increased with
respect to |f |, the excursions of oscillations become
more pronounced with high velocities (Fig. 5 bottom
right).

One will show how to interpret this behavior due to
an exact resolution of the BHS problem.

4 Complete case

How can we understand the physical meaning of all
the terms associated with the complete equation of

motion? It is enough to consider a simple pendulum.
Indeed, if one denotes by θ the angle with respect to
the vertical of an oscillating pendulum, one obviously
has:

θ̈ + sin θ = 0. (33)

With X = sin θ , we get:

Ẍ +
(

X

1 − X2

)
Ẋ2 + X

√
1 − X2 = 0. (34)

We end up with:

Ẍ + XẊ2 + X − 1

2
X3 = 0 (35)

if we take X � 1.
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Fig. 5 Phase spaces of the exact generalized dynamical system (−1 ≤ x ≤ 1 & −3 ≤ y ≤ 3): [e, f, g] = (top left) [+1,−0.2,−1];
(top right) [+1,−0.6,−1]; (bottom left) [+1,−0.9,−1] and (bottom right) [+4,−0.6,−1]

Let us return to the full equation of evolution in the
case ω < ωc:

Z̈ +
(

Z

1 − Z2

)
Ż2 + �2

1Z
√

1 − Z2

− �2
0

(
Z − Z3) = 0. (36)

We introduce the change of a variable, u(Z) = Ż2,
which implies 2Z̈ = du/dZ. The initial equation be-
comes:

1

2

du

dZ
+

(
Z

1 − Z2

)
u

= �2
0

(
Z − Z3) − �2

1Z
√

1 − Z2. (37)

By solving the homogeneous equation du/dZ +
2Zu/(1 − Z2) = 0, we find u = K(1 − Z2). Then, the
constant-variation method leads to K(Z) = �2

0Z
2 +

2�2
1

√
1 − Z2 + C, where C is a constant. We end up

with an equation of conservation:

Ż2 = �2
0Z

2(1 − Z2) + 2�2
1

(
1 − Z2)3/2

+ C
(
1 − Z2) (38)

that is:

Y(X) = (1 − X)
[
�2

0X + 2�2
1

√
1 − X + C

]
= (1 − X)F(X) (39)
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Fig. 6 Y (X) = (1 −X)[�2
0X + 2�2

1

√
1 − X +C]: dashed line

with �2
0 = +0.01, �2

1 = +0.001, C = −0.001 (no oscillations);
full line with �2

0 = +0.05, �2
1 = +0.04, C = −0.08 (oscilla-

tions)

with Y = Ż2 and X = Z2. Remark that (1 − X) is al-
ways positive since |Z| ≤ 1. The different values of C

correspond to several trajectories in the phase-space.
Whatever the value of C, Z = ±1 is a singular-

ity and this implies the non-uniqueness of the solu-
tion in this problem, since several trajectories in the
phase-space with different initial conditions end up
within ±1.

We discuss now the sign of F(X) with the con-
straints 0 ≤ X ≤ 1 and 0 ≤ Y . One can show eas-
ily that F(X) has a maximum 0 < Xmax = 1 −
(�1/�0)

4 < 1 and F(Xmax) = C +�2
0 +�4

1/�2
0 (see

Fig. 6). Moreover, we find that F(0) = C + 2�2
1 and

F(1) = C + �2
0.

The separatrix is defined by F(0) = 0. Now, with
C = −2�2

1, one can linearize the previous equation
in order to obtain Y � (�2

0 − �2
1)X, that is, Ż �

±
√

�2
0 − �2

1Z. We do recover the exponential behav-
ior of the simplified case near the origin of the phase-
space for the separatrix.

If −2�2
1 ≤ C, all the trajectories reach the singu-

larity ±1. Otherwise, oscillations around the centers
F1 and F2 are still possible if F(0) < 0 and F(0) <

F(Xmax), provided the existence of a value X0 < 1
such that F(X0) vanishes (see Fig. 6). Finally, the con-
ditions for oscillations write:

C < −�2
0 and − �2

1 − �4
1

�2
0

< C < −2�2
1. (40)

Now, we focus on the behavior of the trajectory in
the phase-space close to the singularity Z = ±1. One

introduces a negative perturbation W such that Z =
1 + W . Obviously, 1 − Z2 � −2W . Hence:

Ẇ 2 � (
�2

0 + C
)
(−2W) + 2�2

1(−W)3/2. (41)

As W is negative and Ẇ 2 positive, one must have
−C ≤ �2

0. As a consequence, the separatrix as well as
the trajectories above it reach the singularity with the
following behavior: Ẇ ∼ √−W . They are tangent to
the vertical axis in the phase-space and come from the
positive Ẇ and reach the singularity in a finite time tf ,
whatever the inital conditions t0 and W0. Indeed, the
following integral is convergent:

∫ 0

W0

dW√
−2(�2

0 + C)W

=
∫ tf

t0

dt. (42)

One finds with W0 < 0:

tf = t0 + −√
2W0√

−2(�2
0 + C)W0

. (43)

5 Conclusions

In this work and in our previous comment [6], a com-
plete resolution of the BHS problem was given. The
BHS dynamical system is a nice example of the influ-
ence of centrifugal forces on the motion of a mechan-
ical setup and can serve as a model for other problems
involving inertial effects. An experimental test of the
oscillation criterion which we derived would be wel-
come. Finally, the BHS setup features singularities in
a finite time and can serve as a simple mechanical test
system for more complex problems where singulari-
ties appear.

Acknowledgements The author would like to thank warmly
Gérard Iooss (Jean-Alexandre Dieudonné Laboratory in Nice)
for several advices and mathematical comments which im-
proved this work. Discussions with Pierre Coullet (Robert
Hooke Institute in Nice) are acknowledged.

References

1. Ochoa, F., Clavijo, J.: Bead, hoop and spring as a classical
spontaneous symmetry breaking problem. Eur. J. Phys. 27,
1277–1288 (2006)

2. Guyon, E.: Second-order phase transitions: models and
analogies. Am. J. Phys. 43, 877 (1975)



On the “bead, hoop and spring” (BHS) dynamical system 323

3. Fletcher, G.: A mechanical analog of first- and second-order
phase transitions. Am. J. Phys. 65, 1 (1997)

4. Mancuso, R.V.: A working mechanical model for first- and
second-order phase transitions and the cusp catastrophe. Am.
J. Phys. 68, 271 (2000)

5. Moisy, F.: Supercritical bifurcation of a spinning hoop. Am.
J. Phys. 71, 999 (2003)

6. Rousseaux, G.: Bead, hoop and spring. . . : Some theoretical
remarks. Eur. J. Phys. 28, L7–L9 (2007)


	On the ``bead, hoop and spring'' (BHS) dynamical system
	Abstract
	Introduction
	Simplified case without the centrifugal term in the small-amplitude approximation
	Phase-space analysis via numerical simulations
	Complete case
	Conclusions
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


